PARABOLIC PRESENTATIONS OF THE YANGIAN Y(gl n ) 
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Abstract. We introduce some new presentations for the Yangian associated to the 
Lie algebra These presentations are parametrized by tuples of positive integers 
summing to n. At one extreme, for the tuple (n), the presentation is the usual RTT 
presentation of Y n . At the other extreme, for the tuple (1™), the presentation is 
closely related to Drinfeld's presentation. In general, the presentations are useful for 
understanding the structure of the standard parabolic subalgebras of Y n . 

1. Introduction 

Let Y n = y(gl n ) denote the Yangian associated to the Lie algebra g( n over the 
ground field C; see e.g. |Dlj . |CP1 ch.12] and |MJNOj . In this article, we record 
some new presentations of Y n that are adapted to standard parabolic subalgebras. 
Let us formulate the main result of the article precisely right away, even though the 
relations appearing in the statement look rather scary. (Note that in §§5-6 most of 
these formulae are written down in a more concise way in terms of generating series.) 
Let q\ u = gl Ul © • • • © Ql Um be a standard Levi subalgebra of gl n , so v = (i/i, . . . , v m ) is 
a tuple of positive integers summing to n. 

Theorem A. The algebra Y n is generated by elements {D^jj, 5^ij}i<a<m,i<ij<z/„,r>(b 

{^a-,i,j}^<a<m,l<i<v a ,l<j<va+i,r>l an d {F^i t j}l<a<m,l<i<v a +i,l<0<v a ,r>l Subject only to 

the relations 

n(°) — a. . (\ i) 



E D aL^ = -5 r , S^ (1.2) 

t=0 

min(r,s) — 1 

l V a;i,j'- U b;h,k\~° a > b }^ \ D a;i,k V a;h,j ~ V a;i,k JJ a;h,j )> K 1 ' 6 ) 



t=0 

\ D alp E bl,k\ = So* E D%^^-% K3 - 6 a , b+1 g D^E^r 1 ^, (1.5) 

t=0 t=0 
t=0 t=0 
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rpM p( s ) l _ V p(<) jp(r+s-l-t) _ ST^ „(*) p (r+«-l-t) a, 7 \ 

F'q.-i.'P ^a-.h.kl ~ / > J2j a:i.k.a:h.-i / ja:i.k,a:h.i ' V 1 -'^ 1 

t=l t=l 

r-1 s-1 

i r a;i,ji r a;h,kl ~ a,i,k a;h,j / , a\i.k a;h,j> \ L -°) 

t=l t=l 

(r) (s+1) , _ [£ (r+l) i _ _ „(r) g . fl g\ 

rp^+i) l _ rpW p-O+l) i _ _x ei(s) / 1 ln \ 

L^ajij '^O+l^.fcJ ^ r a+l;/i,fcJ ~~ °hk r a +l;h,q r a;q,j > l ± ' lu J 

[^Sj»- B S,fc] = ifb>a+l orifb = a + l andh^j, (1.11) 
F Sfc] = ifb>a + l orifb = a+l and i ^ k, (1.12) 

+ = * 1° - fe l = L ( L13 ) 

[<i^3,J] + I^^O =0 k - 61 = 1, (1-14) 

/or admissible a, b, f, g, h, i, j, k, r, s, t. (By convention the index p resp. q appearing 
here should be summed over 1, . . . , u a resp. 1, . . . , v a +i-) 

In the special case v = (n), this presentation is the RTT presentation of Y n originat- 
ing in the work of Faddeev, Reshetikhin and Takhtadzhyan FRT|, while if v = (l n ) 
the presentation is a variation on Drinfeld's presentation from |D2j : see Remark 15. 121 
for the precise relationship. One reason that Drinfeld's presentation is important is 
because it allows one to define subalgebras of Y n which play the role of the Cartan sub- 
algebra and Borel subalgebra in classical Lie theory. Our presentations are well-suited 
to defining standard Levi and parabolic subalgebras. In the notation of Theorem A, let 
Y v , Y^ and Y~ denote the subalgebras of Y n generated by all the D^Jj's, the E^Jj's 

or the F^j's, respectively. Then, Y v = Y(qI u ) is the standard Levi subalgebra of Y n , 

isomorphic to Y Ul 8) • • • (8) Y Um . The standard parabolic subalgebras Y„ and Y^ofY n are 
the subalgebras generated by Y v ,Yj~ and by Y U ,Y~ respectively; see also Remark 16.21 
where these subalgebras are defined directly in terms of the Drinfeld presentation. 
The next theorem gives a PBW basis for each of these algebras. To write it down, 

(r) (r) 

define elements E I . . and F„J-- for 1 < a < b < m and 1 < i < v a . 1 < j < vk by 
setting := E^, F^.^ := F^l and then inductively defining 

pW ._ [pW p(l) 1 w (r) ._ r p (l) p(r) ] 

a,b;i,j ,— L- C/ a,6-l;i,fc'- c '6-l;fc,jJ' a,b;j,i -~ l^b-l-J,^ a,b-l\k,i^ 

if b > a + 1, where 1 < k < Vb-i- The relations imply that these definitions are 
independent of the particular choice of k; see (|6.9jl . 

Theorem B. (i) The set of all monomials in {DaJ : j}a=l,...,m,l<i,j<u a ,r>l taken in some 
fixed order forms a basis for Y u . 

(ii) The set of all monomials in {£'„^.jj}i<a<6<m,l<i<^,l<i<^,r>l taken in some 
fixed order forms a basis for Y„ . 

(iii) The set of all monomials in {F^l^ ■}i< a <b<m,i<i<u b ,i<j<u a ,r>i taken in some 
fixed order forms a basis for Y~ . 
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(iv) The set of all monomials in the union of the elements listed in (i),(ii) and 
(Hi) taken in some fixed order forms a basis for Y n . 

This theorem implies in particular that the natural multiplication maps Y~ (&Y U ® 
Yj~ — > Y n , Y u ®Yj~ — > Yu and Y~®Y U — > Y^ are vector space isomorphisms. Moreover, 
there are natural projections Y$ -» Y u and -» Y v with kernels generated by all T^\- 

(r) 

and by all F^.( ■ respectively. 

The rest of the article is organized as follows. To start with, §£j2fl3]are expository, 
giving the necessary definitions and a proof of the PBW theorem for Y n . In we 
define Levi subalgebras. Then in §5\ we give a complete proof of the equivalence of 
the RTT presentation of Y n with Drinfeld's presentation, filling a gap in the literature. 
Note though that a proof of the analogous but harder result in the quantum affine 
case can be found in work of Ding and Frenkel |DF| . and the basic trick of considering 
certain Gauss factorizations is the same here. The main theorems are proved in £JHI 
The argument involves partial Gauss factorizations, an idea already exploited by Ding 
|D] to study the embedding of J7 9 (gl n _ 1 ) in U q (gl n ) in the quantum affine setting. The 
remaining two sections are again expository in nature: in £j3we record proofs of some 
known results about centers and centralizers and in fJH] we explain the relationship 
between our approach and the quantum determinants which are used to define the 
Drinfeld generators elsewhere in the literature. 

The results of this article play a central role in BK , where we derive generators 
and relations for the finite TV-algebras associated to nilpotent matrices in the general 
linear Lie algebras. 

Acknowledgements. The second author would like to thank Arun Ram for stimulating 
conversations. 

Notation. Throughout the article, we work over the ground field C. We write M n for 
the associative algebra of all n x n matrices over C, and g[ n for the corresponding Lie 
algebra. The ij-matrix unit is denoted e^j. 

2. RTT PRESENTATION 

To define the Yangian Y n = Y(gl n ) we use the RTT formalism; see |ES1 ch. 11] or 
FRTj. Our basic reference for this material in the case of the Yangian is MNO, §1]. 
Let 

n 

R{u) = u~Y^ e i,j ® e j,i e M n ® M n [u] (2.1) 

denote Yang's i?-matrix with parameter u. This satisfies the QYBE with spectral 
parameters: 

R^ 2 \u - v)R^(u)R^(v) = R^(v)R^(u)R^(u - v), (2.2) 

equality in M n ® M n (g> M n [u, v]. The superscripts in square brackets here and later on 
indicate the embedding of a smaller tensor into a bigger tensor, inserting the identity 
into all other tensor positions. Now, Y n is defined to be the associative algebra on 
generators {T^j }l<i,j<n,r>l subject to certain relations. To write down these relations, 
let ' _ 

T id (u) ^^Vei;^]] 

r>0 
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where T>°) := 5ij, and 

n 

T(u) := e iJ ® T iA u ) e Afn <8) Y^" 1 ]]. (2.3) 
i,i=l 

We often think of T(it) as an n x n matrix with ij-entry Tij(u). Now the relations are 
given by the equation 

fl [i.2](„ _ ^r^i^r^^) = r^^Tt 1 - 3 ^)^ 1 ' 2 ^ - «), (2.4) 

equality in M n ® M n ® ^((u -1 , u -1 )) (the localization of M n <g> M n ® Y^[[u -1 , u -1 ]] at 
the multiplicative set consisting of the non-zero elements of C[[n _1 , w -1 ]]). Equating 
® e/ lj fe®?-coefficients on either side of Ij2.4|) . the relations are equivalent to 

(it - u)[Tij(«),rft )fc (u)] = T h j(u)T i;k (v) - T h) j(v)T i;k (u). (2.5) 
Swapping ? with h, j with and u with i>, we get equivalently that 

(u - v)[T i:j (u),T hik (v)} = T itk (v)T h j(u) - T iik (u)T h j(v). (2.6) 
Yet another formulation of the relations is given by 

min(r,s) — 1 

p£\2£2]= E (^ 1-t) ^ - iftrfr 1 -*) ( 2 - 7 ) 

t=o 

for every 1 < h,i,j,k < n and r, s > 0; see MNO, Proposition 1.2]. 

Using (|2.4|) . one checks that the following are (anti) automorphisms of Y n ; see |MNQ1 
Proposition 1.12]. 

(Al) {Translation) For c € C, let n c : Y n — > Y n be the automorphism defined from 
^(T(u)) = T{u + c), i.e. % (T«) = Es=o C^HOT^- 

(A2) (Multiplication by a power series) For /(u) € 1 + u 1 C[[n 1 ]], let : Y^, — > Y n 
be the automorphism defined from /J^(T(u)) = /(u)T(u), i.e. f^f(T> r )) = 

EI=o a ^ T £" s) if /(») = E s >o a s n_s - 

(A3) (Sign change) Let cr : Y^ — > Y„ be the antiautomorphism of order 2 defined 

from aW(T(u)) = T(-u), i.e. a(T$) = (-l) r T$ . 
(A4) ( Transposition) Let r : Y n — > Y^ be the antiautomorphism of order 2 defined 

from t^(T(u)) = (T(u)) f (transpose matrix), i.e. r(T^y) = T^. 
(A5) (Inversion) Let w : Y n — > be the automorphism of order 2 defined from the 

equation uj^(T(u)) = T(-u)^ 1 . 
The Yangian Y n is a Hopf algebra with comultiplication A : Y„ — > Y n ® Yn, counit 
e : Y n — > C and antipode 5 : Y n — > Y n defined from 

A®(T( U )) = T^(u)T^ 3 \u), e [2] (T(u)) = I, S [2] (T(u)) = T(u)-\ 

equalities written in M n ® Y n ® Y n [[u~ 1 ]], M n [[u~ 1 ]] and M n ® Y^[[u -1 ]] respectively. 
Note that S = to o a. The involutions uj and a do not commute, so S is not of order 
2; a precise description of S 2 is given in [MNP} Theorem 5.11] or Corollary 18.41 below. 

Since it arises quite often, we let Tij(u) = X^r>o^? n_r := ~S(Ti 1 j(u)), so 

n 

f(u) := e M ® ^ J'( n ) = " T ( u ) _1 - ( 2 - 8 ) 
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To work out commutation relations between Tjj(u) and T^^iv), it is useful to rewrite 
the RTT presentation in the form 

(u — VII 

[l,3] (n)=T [l,3] (u)jR [l,2] 

[u — V )T^(v). (2.9) 

We record |NT1 Lemma 1.1]: 

(r) ~(s) 

Lemma 2.1. Given i ^ k and h f= j, T^-' and k commute for all r,s > 1. 

Proof. Compute the e^j <g> e^^-coemcients on each side of (|2.9|) . □ 
We often work with the canonical filtration 

F Y n C FiF n C F 2 Y n C • • • (2.10) 

(r) 

on Y n defined by declaring that the generator T^-' is of degree r for each r > 1, i.e. FdY n 

is the span of all monomials of the form Z^jj ■ ■ ■ T-^ 3 ^ with total degree r\ + • • • + r s 
at most d. It is easy to see using (|2.7(l that the associated graded algebra grY n is 
commutative. From this one deduces by induction on d that FdY n is already spanned 
by the set of all monomials of total degree at most d in the elements {T^j }i<i,j<n,r->i 
taken in some fixed order. In fact it is known that such ordered monomials are linearly 
independent, hence the set of all monomials in the elements {T^ r ) }i<ij<n,r>l taken in 
some fixed order gives a basis for Y n \ see MNU1 Corollary 1.23] or Corollary I3~2l below. 
In other words, the associated graded algebra gr Y n is the free commutative algebra on 
generators {gr r T^. }l<ij<n,r>l- 

There is a second important filtration which we call the loop filtration 

UY n QUY n QL 2 Y n C-.. (2.11) 

defined by declaring that the generator T^ r ) is of degree (r — 1) for each r > 1. We 
denote the associated graded algebra by gr L Y n . Let gl n [t] denote the Lie algebra 
g[ n <S> C[t] with basis {eijt r }i<ij<n,r>o- By the relations (|2.7|) . there is a surjective 
homomorphism C/(g[ n [t]) -» gr L Y n mapping eijt r to gr^; T^ +1 ^ for each 1 < i, j < 
n,r > 0. By the PBW theorem for Y n described in the previous paragraph, this map 
is actually an isomorphism, hence gr L Y n = U(gl n [t]); see also |MJNQ1 Theorem 1.26] 
where this argument is explained in more detail. 

3. PBW THEOREM 

In this section, we give a proof of the PBW theorem for Y n different from the one 
m MNCJj. It was inspired by the realization of the Yangian found in JBRJ. Let U(gl n ) 
denote the universal enveloping algebra of the Lie algebra gl n . We have the evaluation 
homomorphism 

Kl :Y n ^U(gl n ), rg^| * T t = J; (3.1) 

More generally for I > 1, consider the homomorphism 

Kl ■= Kl ^ . • • ® Kl o A« : Y n -> U{gl n f l , (3.2) 
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where A® : Y n — > Y^f' denotes the /th iterated comultiplication. We define the algebra 
Y ni i to be the image Ki(Y n ) oiY n under this homomorphism. Writing e' s j for the element 
l®(*-i) ^ g.^. <g> G l/( fl [J®', we have by the definition of A that 

l<si<---<s r </ l<io,— ,v<n 
i =i,i r =j 

In particular, we see from this that ki(T-j) = for all r > I. 

Theorem 3.1. The set of all monomials in the elements {K;(T^^)}i<ij< n ,r=i,...,i taken 
in some fixed order forms a basis for Y n j . 

Proof. It is obvious that such monomials span Y n ^ so we just have to show that they 
are linearly independent. Consider the standard filtration 

F U(gl n f l C F^iQlJ® 1 C F 2 U(gl n f l C • • ■ 
on [/(fl^)®', so each generator e| r ] is of degree 1. The associated graded algebra 



gr r Ki(T$), i.e 



crphrn on ffpnpratnrs v.. . , , ... . 



gr£/(g[ n )®' is the free polynomial algebra on generators x| r ] := gr 1 e[ r |. Let y!fj := 



•&' = E E 



,(r) _ T I S l] T I S 2] . . . J S r] 

!0,il !l,«2 X j r _l,j r - 



l<si<---<s r <i l<io>--- ,ir<n 
io=i,i r =j 

To complete the proof of the theorem, we show that the elements {y^}i<ij<n,r=i,...,i 
are algebraically independent. 

Let us identify gr U(Ql n )® 1 with the coordinate algebra C[M* 1 ] of the affine variety 
M* 1 of /-tuples (Ai, . . . , Ai) of n x n matrices, so that xfj is the function picking out 
the ij-entry of the rth matrix A r . Let 9 : M* 1 — > M^' be the morphism defined by 
(Ai, . . . , A;) i— > . . . , -B/), where i? r is the rth elementary symmetric function 

GrC^lj . . . , A/) := ^ ] j4 S i ' • • j4s r 

l<Sl<---<S r <i 

in the matrices Ai, . . . ,A\. The comorphism 9* maps x\ ■ to y\ j ■ So to show that the 

(r) 

y\! are algebraically independent, we need to show that 0* is injective, i.e. that 6 is a 
dominant morphism of affine varieties. For this it suffices to show that the differential 
of 9 is surjective at some point x £ M* 1 . 

Pick pairwise distinct scalars ci, . . . , q € C and consider x := (ciJ n , . . . , q/ n ). Iden- 
tifying the tangent space T X (M* 1 ) with the vector space M®', a calculation shows that 
the differential dO x maps (Ai, . . . , A{) to (B\, . . . , B{) where 

l 

B r = ^2 e r _i(ci, . . . ,c s , . . . , q)A s . 

s=l 

Here, e r _i(ci, . . . , c s , . . . , q) denotes the (r — l)th elementary symmetric function in 
the scalars c±, . . . , q excluding c s . We just need to show this linear map is surjective, 
for which it clearly suffices to consider the case n = 1. But in that case its determinant 
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is the Vandermonde determinant rii<r<s<«( c s ~~ so it is non-zero by the choice of 
the scalars c% , . . . , ci . □ 

Corollary 3.2. The set of all monomials in the elements {T^ fl<i,j<n,r>l taken in 
some fixed order forms a basis for Y n . 

Proof. We have already observed that such monomials span Y n . The fact that they 
are linearly independent follows from Theorem 13. II bv taking sufficiently large /. □ 

Corollary 3.3. The kernel of ki : Y n —» Y n i is the two-sided ideal ofY n generated by 
the elements {T^- }i<i,j< n ,r>l- 

Proof. Let / denote the two-sided ideal of Y n generated by {T- T j}i<ij<n t r>i- It is 
obvious that ki induces a map Ri : Y n /I -» Y n \. Since Y n /I is spanned by the set 

of all monomials in the elements {T-j + I}i<ij< n ,r=i,...,i taken in some fixed order, 
Theorem 13,11 now implies that R\ is an isomorphism. □ 

The first of these corollaries proves the PBW theorem for Y n . The second corollary 
shows that the algebra Y n \ is the Yangian of level I introduced by Cherednik |C1MC2| . 
Moreover, by Corollary 13.31 the maps K\ induce an inverse system 

y n ,l «~ Y n,2 «~ • • ■ 

of filtered algebras, where each Y n j is filtered by the canonical filtration defined by 

declaring that the generators Ki(T^ r )) are of degree r. It is easy to see using Theorem l3.ll 
and Corollary 13.21 that the Yangian Y n is the inverse limit lim Y n j of this system taken 
in the category of filtered algebras. This gives a concrete realization of the Yangian. 

4. Levi subalgebras 
Our exposition is biased towards the standard embedding Y n <^-> Yn+i under which 

(r) 

T^j G Y n maps to the element with the same name in Y n +\. We warn the reader that 

~(r) 

the element G Y n does not map to the element with the same name in Y n+ \\ The 
standard embeddings define a tower of algebras 

Y 1 C Y 2 C Y 3 C • • • (4.1) 

which will be implicit in our work from now on. Since most of the automorphisms of 
the Yangian defined in do not commute with the standard embeddings, we some- 
times add a subscript to clarify notation; for example we write uj n : Y n — > Y n for the 
automorphism u if confusion seems likely. 

For m > 0, we let (p m : Y n Y m+n denote the obvious injective algebra homomor- 

(r) (r) 

phism mapping T>J e Y n to T^| i m+J . G Y m+n for each 1 < i,j < n, r > 1. Following 



[NT], we define another injective algebra homomorphism ip m : Y n =— ► Y m+n by 

1pm ■= Um+n ° fm ° W n . (4.2) 
~( r ) ~(r) 

Observe that ip m maps T>J G Y n to T^^ m+j G Y m+n . So the subalgebra ip m {Yn) of 

Y m+n is generated by the elements {T^ +i m+ j}i<i,j<n,r>i- Given this, the following 
lemma is an immediate consequence of Lemma 12. II 

Lemma 4.1. The subalgebras Y m and ipm(Y n ) ofY m+n centralize each other. 
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Let us give another description of the map ip m in terms of the quasi-determinants 
of Gelfand and Retakh; see e.g. GKLLRT, §2.2]. Suppose that A,B,C and D are 
m x m, m x n, n x m and n x n matrices respectively with entries in some ring R. 
Assuming that the matrix A is invertible, we define 

A B 



C YD 



D - CA~ l B. 



(4.3) 



Then: 

Lemma 4.2. For any 1 < i,j < n, 



T m ,i{u) 
T m +i,i (u) 



T\ >m {u) 



Ti j7n +j{u) 



as usual 



Proof. Let T(u) denote the matrix (Tjj (u)) 1<i - <n with entries in Y n [[ 
and let T(u) := — T(u) _1 . Also define the matrices 

C(u) = (^ij( , u)) m+1 < i < m+rl)1 < J -< m , D(u) = (?i,j('u)) m+ i<jj< m+n 

with entries in l^ n+n [[n~ 1 ]] and let 

A{u) B[u) \ ( A[u) B(u) 
C(u) D{u) ) : ~ V C ( u ) D ( u ) 
By block multiplication, one checks the classical identities 

A(u) = - (A(u) - B^Diu^C^y 1 , 

B(u) = A{u)- l B(u) (D(u) - C^Aiuy^iu))' 1 , 

C{u) = D{u)- l C{u) (A(u) - B^D^^C^Y 1 , 

D(u) = - (D(u) - C^Aiu^B^y 1 . 

Now, by its definition, the homomorphism ip m maps T(u) to D(u). Hence, it maps T(u) 
to — = Diu) — C{u)A{u)~ 1 B(u). The lemma follows from this on computing 
reentries. □ 

The description of ip m (Tij(u)) given by Lemma 14.21 does not depend on n. This 
means that the maps ip m are compatible with the standard embeddings, in the sense 
that the following diagram commutes 

Yi ► Y 2 ► Y 3 > ■■■ 



(4.4) 



m+l 



Y, 



m+3 



where the horizontal maps are standard embeddings. So our notation for the map ip m 
is unambiguous as n varies. We also note that 

1pm ° 1pm' = 1pm+ m ' (4.5) 

for any m,m' > 0, which is an obvious consequence of our original definition. 
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Now we can define the standard Levi subalgebras of Y n . Given a tuple v = (yx, . . . , f m ) 
of positive integers summing to n, define Y v to be the subalgebra 

(Y U3 ).-^ vl+ ... +Um _ 1 (Y Um ) (4.6) 

of Y n . For a = 1, . . . , m and 1 < i, j < v a , we let 

= J2 D ah u ~ r ■= (4.7) 

r>0 

By Lemma 14.11 and induction on m, the various "blocks" of Y v centralize each other, 
hence the map 



l/>0<8>'4>U 1 ® ■ ■ ■ ®ll> 



vv m -\ ■ Y Ul ® Y V2 



Y„, 



Y„ 



(r+s-l-t) D (t) _ D (t) (r+s-l-t) 
i,k o,;h,j a;i,k a;h,j 



(4.8) 



is an algebra isomorphism. This means that the elements {D^\ j}i<a<m,i<i,j<v a ,r>i 
generate Y v subject only to the following relations: 

min(r,s) — 1 
t=0 

where D^J • := 5{j. The special case v = (l ra ) is particularly important: Y^n} = Y\ (g) 
• • • (g) Y\ is a commutative subalgebra of Y n which plays the role of Cartan subalgebra. 

5. DRINFELD PRESENTATION 

In this section, we introduce the Drinfeld generators of Y n following the approach of 
|DF] and jfl Appendix B]. Since the leading minors of the matrix T(u) are invertible, 
it possesses a Gauss factorization 

T{u) = F{u)D{u)E{u) (5.1) 

for unique matrices 



D(u) 



E(u) 



( 1 #1,2 («) 

1 

\o 



/ D 1 (u) 
D 2 (u) 

\ 

El,n( u ) \ 

E2,n{u) 



F(u) 



o \ 


D n (u) J 

( 1 

F 1)2 (u) 



/ 




1 



V Fi, n («) F 2)) 



\ 


1 y 



This defines power series Di{u) = J2r>o u r > Eij(u) = J2r>i Efj u r and Fij(u) 



E,>i^?«- r - Let Ei(u) = E r >lEi r 'u- r ■= Ei, i+ x(u) ^ F i( u ) = £r>l*T« 



n (r) 



(0. 



Fj 5 j + i(u) for short. Also let Di{u) = ^ r>0 i)f' u 



-A(«) 



-i 
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In terms of quasi-determinants, we have the following more explicit descriptions; see 
[HRll Theorem 4.4] or |UR2l Theorem 2.2.6]. 



Di(u) 



T it i{u) 



E, 



'■j \ 



Di(u) 



T x ,i-x{u) Txj(u) 



Tj,i(u) 



T, 



i— 1 



(u) Tj_i 5 i(u) 



Tj ti -i{u) T jti (u) 



DAu 



-l 



Since J5 



(i) 
j'-i 



Tj^ij and = 2^ ^_i> it follows easily that 



for i + 1 < j < n. Comparing (|5.2j) - ([5.4ft with Lemma 14.21 we deduce: 

Lemma 5.1. For all admissible i, we have that 

(i) AN = Vi-i(A(n)) = ^-i(7i,i(u)); 

(ii) Ei(u) = xPi-xiE^u)) = ^{Tx^uY^x^u)); 

(iii) Fi(u) = tl>i-x{Fx(u)) =i> i -x(T 2! x{u)Tx >1 (u)- 1 ). 

In particular Lemma 15.114 ) shows that the elements here are the same as 

(r) trn 

the elements denoted Ail from £J3J so they generate the Cartan subalgebra Ynny 
Also let YjT n *. resp. ^nn) denote the subalgebra of Y n generated by the elements 

{2?j }i=i,...,n-i,r>i resp. {F> }i=x,...,n-i,r>i- I n view of (|5.5|) . all the elements -E 1 ^ 
belong to Ynn\ an d an the elements i*vy belong to Ynny By applying the antiauto- 
morphism r to the factorization (|5.1|) . one checks: 

r(A,») = ^-(u), r(Fy(n)) = r(A(«)) = A(«)- (5-6) 

Hence, r fixes elementwise and interchanges the subalgebras ^Tjn) an d ^7i n V 

Now we state the main theorem of the section. This is essentially due to Drinfeld 
D2 ; see the remark at the end of the section for the precise relationship. 



.,(1) 



(5.2) 



(5.3) 



(5.4) 



(5.5) 
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Theorem 5.2. The algebra Y n is generated by the elements {D^\ -D^ r ' ) }i<i<n,r>o an d 
{E> r \ }i<i<n,r>l subject only to the following relations: 

= 1, (5.7) 



E^fr^^o. (5-8) 
t=o 

[Dl r \D^} = 0, (5.9) 

[^^f] = sJy^D^D^- 1 ^, (5.10) 



t=o 

t=o 

[A W ^ (S) ] = (ftj+i " M E Ff**- 1 -*^® , (5.12) 

t=o 

[^fUl s) ] =E^f ) ^ r+S ~ 1 "* ) - £^ t) ^ r+ - 1 -* ) J (5.13) 
t=l t=i 

[^(r) ^ ^W] = ^ ^(r+--l-t) F W _ F (r+s-l-t) F {t) ^ ^ ^ 

t=l t=l 

[^ r) , " [^ (r+1) , = ~4 ] 4ii, (5-15) 

[^V^] - = -F^Ft\ (5.16) 

[^ r) ,4 s) ] = if\i~j\>l, (5.17) 

[^ {r) ,^ (s) ] = ^/K-i|>l, (5.18) 

[E^\ [E?\ Ef }} + =0 i/ |i - j| = 1, (5.19) 

if]] + [Ft\ [F} r) ,Ff]] =0 if\i- j\ = 1, (5.20) 
for all admissible i,j,r,s,t. 

Remark 5.3. The relations Q5.13|) and (|5.14|) are equivalent to the relations 

[E (r) : E (s +1)] _ = E M^) + £ W £ (r) j (5 . 21) 

^Wj _ [F f\ F ^] = F V F j>) + i^W^W, (5.22) 

respectively. 

In the remainder of the section, we are going to write down a proof, since we could 
not find one in the literature. There are two parts to the proof: first we must show 
that all these relations are satisfied in Y n ; second we must show that we have found 
enough relations. 

Let us begin with some reductions to the first part of the proof. We have already 
noted that the elements {-Dj' r ^}i=i,...,n,r>i commute, hence the relations (|5.7|l - (|5.9|) 
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hold. Also by Lemma 15. 11 D^' 6 ipi-i(Yi) and Ej € ipj-i(Y 2 ), so Lemma 14. II implies 
that ()5.11|) holds if either i < j or i > Similar reasoning shows that Q5.1U[) holds if 

\i — j\ > 1 and (|5.17|) — (|5.18|) hold always. Having made these remarks, Lemma 15. II and 
(|5.6[) reduces the verification of all the remaining relations to checking the following 
special cases: (j5.1Uj) with i = l,j = 1 or i = 2, j = 1; (|5.11|) with i = l,j = 1 
or i = 2, j = 1; (fo"T5)) with i = 1; (f^TT5|) with i = 1; (fo"TT?|) with i = 2, j = 1 or 
i = l,j = 2. 

Lemma 5.4. T/ie following identities hold in Y 2 ((u , v^ 1 )): 

(i) («-«)[!>!(«), Ei (v)] = D 1 (u) (Ex («)- Ei (u)); 

(ii) (« - «) [Ex (u) , E 2 («)] = (Ei (u) - Ei ( V )JE 2 (v) ; 

(iii) (t t -«)[^ 1 (tt),Fi(u)]=5i(t;)I>2(u)-i?i(u)I>2(«); 

(iv) (u - v)[Ex(u),Ex(v)] = (Ei(v) - Ex(n)) 2 . 

Proof. Compute the e^i (g> ei )2 -, ei j2 <S> e 2)2 -, ei,2 ® e2,i- and ei j2 ® ei )2 -coefficients on 
each side of (|2.9|) and rearrange the resulting four equations to obtain the following 
identities: 

(i) ' («-«)[ra, 1 («),fi, a («)]=Ti i i(«)ri i2 (t;)+Ti, a («)r2 )2 (t;); 

(ii) ' (u-«)[ri )2 («),f 2)2 (?;)] =Ti ) i(u)Ti ;2 ^) + ri )2 («)T 2)2 (v); 

(hi)' (u - u)[r 1)2 («),f 2 ,i(u)] = ri,i(«)ri,i(t;) + r 1]2 («)f 2) i^) - r 2)1 («)Ti )2 («) - 

T2, 2 (w)T 2 ^(n); 
(iv)' [ri, 2 (7x),ri, 2 («)] =0. 
We also note that 

( T^{u) T 1)2 (n) \_( D x (u) D 1 (u)E 1 (u) \ 

\T 2 ,i(u) T 2j2 (n) J \Fx(u)Dx(u) D 2 {u) + F^D^E^u) ) 

and that 

( 5,i (u) Ti )2 (t;) \ = f Ei( W ) + Ei( V )E 2 (v)Ei(w) -Ei(w)E 2 (v) \ 

V r 2 ,i( w ) r 2j2 (^) y V -e 2 ( u )e 1 ( u ) e 2 («) y ' 

Substituting from these into (i)' and using the known fact that Ei (u) commutes with 
D 2 (v) gives the identity 

(u - v)[Dx(u),Ex(v)]D 2 (v) = D x (u){Ex(v) - Ex(u))D 2 (v). 

Multiplying on the right by D 2 (v) gives (i). The deduction of (ii) from (ii)' is entirely 
similar. 

Next we deduce (iii) from (iii)'. Rewriting (i) and (ii) using r gives that 
E x (y)b 2 {v) + {u-v- l)Ei(«)E 2 (w) = (u - v)D 2 (v)E 1 (u) 
F x {u)Dx{u) + {u-v- l)Fi(v)Di{u) = (u - v)D l {u)F l (v). 
Also rearranging (iii)' gives 

Dx{u)Dx{v) + Dx(u)(Ex(v)D 2 (v) + {u-v- l)Ex{u)b 2 (v))F x {v) = 

D 2 {u)D 2 {v) + D 2 (y)(Fx{u)Dx{u) + {u-v- l)Fx(v)Dx(u))Ex{u). 

Now substituting the first two of these identities into the third and multiplying on the 
left by Dx(u)D 2 (v) gives (iii). 



PRESENTATIONS OF THE YANGIAN 



13 



Finally we must deduce (iv). By (iv)', we have that 

D 1 (u)E 1 (u)E 1 (v)D 2 (v) = E^D^Dz^Eiiu). 

Multiply both sides by (u — v) 2 and use (i) and (ii) to move D\(u) to the left and 
D2(v) to the right, then cancel the leading Di(u)'s and trailing D 2 (vys to get 

{u-v) 2 Ei(u)Ei{v) = ((« - v)Ei(v) - Ei(v) + Ei{u)) ((u - v)E l (u) + Ei(v) - Ei(u)) . 

Hence, 

(iv)" (u-«) a [Ei («),#!(«)] = (E 1 (v)-E 1 (u))(E 1 (u)-E 1 (v)) + (u-v)E 1 (v)(E 1 (v)- 
E^u)) + (u - v)(E 1 (u) - Ex^E^u). 
Now subtract (u — v)[E\(u), E\(v)] from both sides of (iv)" to deduce that 
(u-v)(u-v-l)[E 1 (u),E 1 (v)] = (u-v- 1) (Ex (v) - E^u)) 2 . 
Hence (iv) follows on dividing both sides by (u — v — 1). □ 
Lemma 5.5. The following identities hold in ^((u^ 1 , v _1 )).' 

(i) [E 1 (u),F 2 (v)]=0; 

(ii) (u - v^E^u), E 2 (v)] = E 1 {u)E 2 {v) - E 1 {v)E 2 (v) - E 1>3 (u) + E 1:3 (v); 

(iii) [E h3 (u),E 2 (v)] = E 2 (v)[E 1 (u),E 2 (v)}; 

(iv) [Ei(u),E lt3 (y)-Ex(y)E2(v)] = ~[Ei(u) , E^E^u) . 

Proof. Arguing as in the proof of the previous lemma, we compute the e\ <2 <8> e 3j2 -, 
ei,2 <8> 62,3-, ei,3 <S> &2,3- and e\ i2 ® ei^-coemcients of ()2.9|) respectively to obtain the 
identities 

(i) ' [D 1 (u)E 1 (u),D 3 (v)F 2 (v)} =0 

(ii) ' (u-v^Di^E^tE^D^v)] = DxitfiExMEiW-ExWEiW+E^v)- 

E 1;3 (u))D 3 (v)- 

(iii) ' [D 1 (u)E lt3 (u),E 2 {v)D 3 (v)]=0; 

(iv) ' [D 1 (u)E 1 (u), (E h3 (v) - E^E^D^v)} = 0. 

Using commutation relations already derived, (i) and (ii) follow easily from (i)' and 
(ii)'. To prove (iii), we need one more identity. By Lemma l5.4f ii). we know that 

(u-v)[D 3 {v),E 2 (u)] = (E 2 (v) - E 2 (u))D 3 (v). 

Considering ^-coefficients gives [D 3 (v),E { 2 1] ] = E 2 (v)D 3 (v). Hence, recalling 

[E 1>3 (u),D 3 (v)} = [[Ei(u),E£\D 3 (v)} = [E^uU^Mv)]] 

= -[Si(«),^(«)5 3 (t;)] = -[Ex(u),E2{v)]D 3 (v). 

Now take (iii)', cancel the leading D\(v) and then simplify to get 

[E 1>3 (u),E 2 (v)D 3 (v)} = [E 1)3 (u),E 2 (v)]D 3 (v)+E 2 (v)[E h3 (u),D 3 (v)] 

= ([E 1:3 (u),E 2 (v)}-E 2 (v)[E 1 (u),E 2 (v)])D 3 (v) = 0. 

This proves (iii). For (iv), note to start with by considering the n°-coefficients of (ii) 
that [E^,E 2 (v)] = E 1)3 (v) - E x (v)E 2 {v). Lemma OTi) implies that [D^u), e[ 1] ] = 
D\{u)E\(u). Now compute: 

[Di(u),E x , 3 (v) -Ei(v)E 2 (v)] = [D^u),^,^)]] = [[D^u), e[\ E 2 (v)] 

= [D l {u)E l {u),E 2 {v)]=D l {u)[E l {u),E 2 {v)}. 
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Using this identity to rewrite (iv)' we get 

[D x (u)E x (u),E X)3 (v) -Ei(v)E 2 (v)] = D 1 (u)[E 1 (u),E 2 (v)]E 1 (u) 

+ D 1 (u)[E 1 (u),E lt3 (v)-E 1 (v)E 2 (v)]=0. 
Now (iv) follows on cancelling D x (u). □ 

Lemma 5.6. The following relations hold: 

(i) [[E x (u),E 2 (v)],E 2 (v)]=0; 

(ii) [E x (u),[E x (u),E 2 (v))}=0. 

Proof, (i) Compute using Lemma 15.5^ ) and (iii): 

(u - v) [[E x («) , E 2 («)], E 2 («)] = [E x (u)E 2 (v) - E x (v)E 2 (v) - E x , 3 (u) + E x>3 (u) , E 2 (v)} 

= [E x (u),E 2 (v)]E 2 (v) - [E x {v),E 2 {v)]E 2 {v) 

+ E 2 (v)[E x (v),E 2 (v)]-E 2 (v)[E x (u),E 2 (v)] 

= [[E x ( U ),E 2 (v)},E 2 {v)] - [[E x (v),E 2 (v)],E 2 {v)\. 

We conclude that (u-v-l)[[E x (u),E 2 (v)],E 2 (v)] = -[[E x (v),E 2 (v)],E 2 (v)]. Now let 
u = v + 1 to deduce that the right hand side equals zero, then divide by (u — v — 1) to 
proof the lemma. 

(ii) Similar calculation using Lemma l5.5f iv) instead of (iii). □ 

Lemma 5.7. The following relations hold: 

(i) [[Ei (u) , E 2 («)] , E 2 (w)} + [[Ex (u) , E 2 (w)], E 2 (v)} = 0; 

(ii) [E x (u),[E x (v),E 2 (w)]] + [E x (v),[E x (u),E 2 (w)}}=0. 

Proof, (i) We show that the expression (u — v)(u — w)(v — w)[[E x (u), E 2 (v )], E 2 {w)\ is 
symmetric in v and w. By Lemma l5.5f ii) it equals 

(u -w)(v- w)[E x (u)E 2 {v) - E x (v)E 2 (v) + E x , 3 (v) - E X)3 (u), E 2 (w)} 

Using Lemmas I5.5f iii) and l5.6f i) this equals 

(u -w)(v- w)[E x (u),E 2 (w)]E 2 (v) + (u-w)(v- w)E x (u)[E 2 (v), E 2 (w)] 

- (u - w)(v - w)[Ei(v),E 2 (w)]E 2 (v) — (u - w)(v - w)E x (v)[E 2 (v) , E 2 (w)] 

+ (u — w)(v - w)[E x (v),E 2 (w)]E 2 (w) — (u - w)(v - w)[Ei(u), E 2 (w)]E 2 (w) 

Now use Lemmas 15 .5f ii) and I5.4l iv) to expand the commutators once more to get 

(u - w)(E x (u)E 2 (w)E 2 (v) - E x (w)E 2 (w)E 2 {v) + E x>3 (w)E 2 (v) - E x>3 (u)E 2 (v)) 

+ (u - w){E x (u)E 2 {vf - E x (u)E 2 (v)E 2 (w) - E x (u)E 2 (w)E 2 (y) + E x (u)E 2 {wf) 

-(u- w){E x {v)E 2 (w)E 2 (v) - E 1 (w)E 2 {w)E 2 {v) + E x>3 (w)E 2 (v) - E x>3 (v)E 2 (v)) 

-(u- w){E x {v)E 2 (vf - E x {v)E 2 {v)E 2 {w) - E x {v)E 2 {w)E 2 {v) + E x (v)E 2 {wf) 

+ {u- w)(E x (v)E 2 (w)E 2 (w) - E 1 {w)E 2 {w)E 2 {w) + E x>3 (w)E 2 (w) - E x>3 (v)E 2 (w)) 

-(v - w)(E x (u)E 2 (w)E 2 (w) - E 1 {w)E 2 {w)E 2 {w) + E X)3 (w)E 2 (w) - E X)3 (u)E 2 (w)). 

Now open the parentheses and check that the resulting expression is symmetric in v 
and w to complete the proof. 

(ii) A similar calculation using Lemma I5.5f iv) instead of (iii) and Lemma I5.6f ii) 
instead of (i) shows that the expression (u — v )(u — w)(v — w)[E x (u), [E x (v), E 2 (w)]] is 
symmetric in u and v. □ 
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Now we can verify the remaining relations needed for the first part of the proof. 
Note that 

(Ek(v) - E 1 (u))/(u -v)=J2 E[ r+S ' 1] u~ r v- S . (5.23) 

r,s>l 

Using this, divide both sides of the identity from Lemma l5.4f i) by {u — v) and equate 
u~ r v ~ s -coefficients on both sides to prove (|5.11j) with i = l,j = 1. Next, multiplying 
Lemma l5.4f ii) on the left and right by D2(v) then swapping u and v gives the identity 

(«- v)[Z> 2 («),£a(«)] = -D 2 {u){E^v) -E 1 (u)). (5.24) 
Now argue using (|5.23f) again to deduce Q5.11JI with i = 2,j = 1 from this. Similarly 
one gets (|5.10j) with i = l,j = 1 from Lemma 15 .4lf iii ^ . ()5.1U|) with i = 2,j = 1 
from Lemma I5.5f i) , (|5,13|) with i = 1 from Lemma I5.4f iv) , (|5.15|) with i = 1 from 
Lemma l5.5f ii). (|5.19() with i = 2, j = 1 from Lemma l5.7f i) and (|5.19|) with i = 1, j = 2 
from Lemma l5.7f ii). 

Now we consider the second part of the proof. Let Y n denote the algebra with 
generators and relations as in the statement of Theorem 15.21 For 1 < i < j < n, 
define elements E^,F^ £ Y n by the equations l|5.5|) . Let Y^n^ resp. ^{n) resp. 

YZn) denote the subalgebra of Y n generated by the elements {-D^ }i=i,..., n ,r>i resp. 

{-E 1 } }i=i,...,n-l,r>l resp. {i^ }j=i,...,n-l,r>l- Define an ascending filtration 

Lo^jn) c LiY, ln , c • • • 

on Yjt n s by declaring that the generator is of degree (r — 1), i.e. h^Y^f n , is the span 

of all monomials in these generators of total degree at most d. Let gr L Y^ n \ denote the 

associated graded algebra, and let eij- r := grj; e\ € gr L Yjt n \ for each 1 < i < j < n 
and r > 0. 

Lemma 5.8. For 1 < i < j < n, 1 < h < k < n and r, s > 0, we have that 

[&i,j;ri — &i,k\r+s$h,j ^i,k^h,j;r+s- 

Proof. By the defining relations for Y n , we have easily that 

(i) [e iti+ i- r , ejj+i-s] = if \i - j\ ^ 1; 

(h) [ej,j+i ; r+l, e j,j+l;s] = e jJ+l;8+l] if K ~~ il = 

(hi) [e«,j+i ; r, [ei,i+i; S , ejj + i ; t]] = — [e^+ija, [e^+i^, ej^+i^]] if |i — j\ = 1. 

We also have by definition that 

(iv) eij- T = [eij_i ;r .,ej_ij ;0 ] for j > i + 1. 

Now we consider seven cases. 

(1) j < h. Obviously, [e itj]r , e h ,k;s] = 0. 

(2) j = h. By (ii) and (iv), [ej-ij- r , ejj+i- s ] = ej_ij + i ;r+s . Now bracket with 
ej + ij + 2;o, • • • , ek-i,k;0 to deduce that [ej-ij. r , ej y k;s] = ej-i^-r+s- Finally 
bracket with ( ; 2 ,j L;0, • • • , &i,i+i;0- 

(3) i < h, j = k. Let us just show that [ei^r, e 2 ,3 ;s ] = 0, since the general case is 
an easy consequence. Note that by (hi), [ei i3;r , e 2 ,3 ;s ] = [[ei,2;n e 2,3 ; o], ^2,3;s] = 
-[[ei,2;r,e2,3;s],e 2 ,3;o]- By (ii) this equals -[[ei )2;r .+ s , e 2 ,3 ; o], e 2 ,3 ; o] which is zero 
by (hi). 
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(4) i = h, j < k. Similar to (3). 

(5) i = h, j = k. If j = i + 1, we are done by (i); else, 

which is zero by (3) and (4). 

(6) i < h < j < k. We just show [ei ; 3 ;r , e2,4 ;s ] = 0. It equals 

[[ e l,2;r, e 2,3;o]j [ e 2,3;0> e 3,4;s]] = [ e 2,3;0 5 [[ei,2;r> e 2,3;o]> e 3,4;s]] 

= [ e 2,3;0, [ei,2;r, [e2,3;0> e 3,4;s]]] 
= [[e2,3;0,ei,2;r]j [ e 2,3;0> e 3,4;s]] 
= — [[ei,2;r, e 2,3;()]; [ e 2,3;0j e 3,4;s]]- 

Hence it is zero. 

(7) i < h,k < j. We just show [e 2 ,3 ; r, e 1A - s ] = 0. It equals [e 2 ,3 ; r, [ei,3 ;s , e 3)4; o]] = 
[ei, 3;s ,e2,4;r], which is zero by (6). 

□ 

Lemma 5.9. The algebra Y n is spanned by the set of monomials in {-D,- r ^}i=i,...,n,r>i U 

{Ei~j , F i Y }i<i<j< n ,r>lj taken in some fixed order so that F 's come before D 's and D 's 
come before E's. 

Proof. Using Lemma 15.81 one shows easily that the associated graded algebra gr L Y^ n ^ 
is spanned by the set of all ordered monomials in the elements {ei,j;r}i<i<j<n,r>o taken 
in some fixed order. Hence Ynn) itself is spanned by the corresponding monomials in 

{E^j }i<i<j<n,r>i- By the defining relations for Y n , there is an antiautomorphism r 
of Y n fixing each and interchanging each Ejfj with F^ r ) . It follows on applying r 
that the set of monomials in {F^ r - }i<j<j<n taken in some fixed order span Y^7 n y while 
obviously the ordered monomials in the elements {-Dj- r ^}i=i,...,n,r>i span Ynny Since 
by the defining relations the natural multiplication map Ynn\ ® ^(i n ) ® ^7i n ) "^^ ' s 
surjective, the lemma follows. □ 

Now, the first part of the proof of Theorem l5.2l above implies that there is a surjective 
algebra homomorphism 9 : Y n — > Y n sending D^,E^ , F^j £ Y n to the elements with 
the same name in Y n . To complete the proof of Theorem 15. 21 we need to show that is 
an isomorphism. This follows immediately from Lemma f5 . 1 Ul b elow . since it shows that 
the images of the monomials that span Y n from Lemma 15.91 are linearly independent 
in Y n itself. 

Lemma 5.10. The set of monomials in {D^ r }t=i,...,n,r>l U {E^ r - F t y }i<i<j< n ,r>l 
taken in some fixed order is linearly independent in Y n . 

Proof. As explained at the end of fJ2 we can identify the associated graded algebra 
gr L Y n with U(gl n [t\), so that gr£7^- is identified with eijt r . It is easy to see from 
()5.2[) - (|5.4[) that under this identification gr]: D^ r+1 ^ resp. gr£ e\ r ^ resp. gr^; F^ +1 ^ is 
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identified with ei^t r resp. eijt r resp. ej t it r . Hence by the PBW theorem for U(gl n [t]), 
the set of all monomials in 

|g r r -^i }i=l,...,n,r>0 U {gl> -^ij > g r r *ij \l<i<j<n,r>0 

taken in some fixed order forms a basis for gr L Y„. The lemma follows easily. □ 

This completes the proof of Theorem 15.21 Let us also state the following theorem 
which was obtained in the course of the above proof; cf. [E]. 

Theorem 5.11. (i) The set of all monomials in {D^ r }j=i . n r >i taken in some 
fixed order form a basis for Yn n y 

(ii) The set of all monomials in {E^j }i<i<j< n ,r>l taken in some fixed order form 

a basis for Yjtnj ■ 

(r) 

(hi) The set of all monomials in {Fij ji<i<j<n,r>i taken in some fixed order form 
a basis for YZ n y 

(iv) The set of all monomials in {D^ r }i=i,..., n ,r>l U {^f^j ^^}l<i<j<n,r>l taken 
in some fixed order form a basis for Y n . 

Remark 5.12. Let us explain the relationship between the presentation given in 
Theorem 15.21 and Drinfeld's presentation from |D2j . since there are some additional 
shifts in u. Actually, the latter is a presentation for the subalgebra 

Y(sl n ) = {x G Y n | n f {x) = x for all f(u) e 1 + C^" 1 ]]}; 

see |MJNU1 Definition 2.14]. Define Ki^,^ k for i = 1, . . . ,n — 1 and k > from the 
equations 

Ki(«) = Ki, k u~ k - 1 := 1 + Di (u - A+i (« - ^) , (5.25) 
fc>0 

k>0 

s» = E^" 1 : = ^ («-¥)■ ( 5 - 27 ) 

fc>0 

One can check by equating coefficients in the identities from Lemmas 15.41 15.51 and 15.71 

that these elements generate Y(sl n ) subject to the Drinfeld relations, namely: 









(5.28) 








(5.29) 








(5.30) 




+ £j^ K i,/c)j 




(5.31) 




+ £j,j£i,Jfe)> 




(5.32) 


^j,iV = l-a M ^Sym[4± i ,[^ 2 ,---[i 


r± £±1... 


]] = 


(5.33) 



where {o-i,j)i<i,j<n denotes the Cartan matrix of type A n _i indexed in the standard 
way and Sym denotes symmetrization with respect to fcj, . . . , kjy. For example, let us 



18 



JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV 



verify (|5.32[) in the case j = i + 1 and the sign is +: applying Lemma l5.5f ii) 



2 
2 



+ 1 [v 



(°-2) 



(«-«)[^(«),^i(«)] = ((« 

- -Ej,t+2 - 

-i[^(n- 

= \ (tt^)tt+M + eii(«)ef(«)) -Ek(v- 1) (« - 1) 

- £^+2 (it - + # f)i+2 (u - |) . 



) - 1) [3j (« 

i+2 (v 
+i (« 



i-l 



) (v - |) 



>)] 



Now equate u fc 1 v 1 1 -coefficients on both sides to get 

as required. {Beware: the relations Q5.28J1 — Q5.33JI are actually not exactly the same 
as the relations in |D2j — one needs to swap £f k and and replace with — 
to get those. The reason for the difference is that we have chosen to work with the 
opposite presentation to Drinfeld throughout.) 

6. Parabolic subalgebras 

Now we are ready to prove Theorems A and B stated in the introduction. Fix 
throughout the section a tuple u = (yi, . . . , v m ) of non-negative integers summing to 
n. Note there is going to be some overlap between the notation here and that of 
the previous section, which is the special case v = (l n ) of the present definitions. 
When necessary, we will add an additional superscript v to our notation to avoid any 
ambiguity as v varies. Factor the n x n matrix T(u) as 

T{u) = F{u)D{u)E{u) 



(6.1) 



for unique block matrices 



D(u) 



E(u) 



( In 


V 



"2 



( D x {u) 
D 2 (u) 

\ 

E\, m {u) \ 
E2,m(u) 



,F(u) 






D m (u 
Fi,2(u) 



) J 



\ 




and F, 



\ Fi <m (u) F 2) m(u) 

where D a (u) = (.D a . i} j(u))i<i } j< Va , E afi (u) = {E a ,b;i,j{ u ))^<i<^a,i<j<u b 
(E a ,b;i,j(u))i<i<v b ,i<j<v a are f a x u a , Va x v h and v h x v a matrices, respectively. Also 
define the u a x v a matrix D a (u) = {D a . )i} j(u))i<i } j< Va by D a (u) := -D a (u)~ l . The 



entries of these matrices define power series D a -ij(u) = Y2r>o^a 



(r) 



D a;i,j(u) 



J2r>0 E > i-}j u 



E a ^ij(u) = T,r>l E a 



(r) 



let E a , hj (n) = Er>i^ 
F a ,a+l;i,j(u) for short. 



b;i,j 



u 



and F a 



b;i,j \ 



E a (u) and F a] ij( 



u 



l^r>l r a,b;i,j u 

— 7?W „- 

— l^r>l r a;i,j a 



We 
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Like before, there are explicit descriptions of all these elements in terms of quasi- 
determinants. To write them down, write the matrix T(u) in block form as 

/ v T ltl {u) ••• u T hm (u) 

T(.<n : ■-. ... 

\ v T mj i(u) ■ ■ ■ v T mtm (u) 

where v T a ^{u) is a v a x v b matrix. Then, recalling the notation IJ4.H|) . 

■•• T lia _i(«) "Ti, a («) 



U T a -l, a -l{u) v T a ^ a {u) 



'T a>1 {u) ••• "Vi(«) I 



(6.2) 



E a ,b(u) = D a (u) 



F a ,b{u) 



v Tx,x(u 



"^0-1,0-1 («) T tt _i, 6 («) 
(u) 



T a _i,i(u) •• 

Ta.iCu) ••• y T a)a _i(n) I "T a , fc (n 
) ••• v T 1>a „ x (u) 



(6.3) 



T a _i )0 _i(u) T _i, a (u) 



T 6j0 _i(«) ^LM 



£>a(«)' 



(6.4) 



It follows in particular from these descriptions that for b > a + 1 and 1 < i < u a , 1 < 

J < f&, 

j?( T ) _ rpW pC 1 ) 1 j?( r ) _ r 7^(1) 1 (a r\ 

■^afoij ~ L C/ a,6-l;i,fc>- c '&--l;fc ) .jJ> a,b;j,i ~ \. r b-\;j,ki r a,b-l;k,i\ ' V U - J J 

for any 1 < A; < We also get the analogue of Lemma 15. II 

Lemma 6.1. Fix a > 1 and Zei P := (v a , v a +li ■ ■ ■ , v m )- Then, for all admissible i,j, 

(i) v D a , id {u) =i> Vl +...+ Va _ 1 {*D v , i , j (u)); 

(ii) v E a , id (u) = rP n+ ... +Va _ 1 ^E 1 . i!j (u)); 

(iii) »F a;iJ (u)=^ 1+ ... + „ a _ 1 ( v F 1]i>j (u)). 

In particular Lemma 16.111 ) shows that the elements D^-lj nere are the same as 
the generators of the standard Levi subalgebra Y v introduced at the end of jJH so 
they satisfy the relations (|4.8jl . We also let Yj~ resp. Y~ denote the subalgebra 

generated by {El ; l j }i<a < m,l<i<v a ,i<j<v a+1 ,r>l resp. 
The antiautomorphism r has the properties 

r{D a .ij{u)) = D a . jti (u), (6.6) 

T(E a:b . itj (u)) = F atb . j}i (u), (6.7) 

T(^o,6;i,i(«)) = K,b;j,i( u )> ( 6 - 8 ) 
so it leaves Y u invariant and interchanges Yj~ and Y~. Finally, as in the introduction, 
set Yl := Y U Y+ and Y^ := Y~Y V , giving the standard parabolic subalgebras of Y n of 
shape v. 
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Remark 6.2. Here is an alternative definition of the algebras Y v Y{i and Y„ just in 
terms of the Drinfeld generators from Theorem 15.21 First, Y v is the subalgebra of 
Y n generated by all {d\ }i<i< n ,r>l together with {Ef\ F> r '} r >\ for i G {1, . . . , n} — 
{i>i, v\ + u 2 , ■ ■ ■ , v\ + ■ ■ ■ + Vm\- Then Yl resp. Y„ is the subalgebra generated by Y v 
together with all remaining elements of {E^}i<i <n:r >i resp. {F i }i<i< n ,r>l- 

We have now defined the elements D^Jj, E^ ■ and F^- appearing in Theorems A 
and B stated in the introduction. We are ready to explain the proofs of these theorems. 
Actually, the argument runs almost exactly parallel to the proofs of Theorems 15.21 and 
15. Ill given in the previous section. As before, there are two parts: first, to show all the 
relations (|l.l|) - ()1.14j) from Theorem A hold; second, to show we have enough relations 
by constructing the PBW bases described in Theorem B. 

For the first part, one uses Lemma IdTI (|4.8|) and H6.6|) - ()6.8|) to reduce the problem 
to checking the following special cases: (|1.4|) with a = l,6=lora = 2,6 = l; (|1.5|) 
with a = 1,6 = 1 or a = 2,6 = 1; (fTTTI) with a = 1; (|TU)) with a = 1; (fTTTTj) with 
a = 1,6 = 2; 13f) with a = 2, 6 = 1 or a = 1, 6 = 2. These special cases may be 
deduced from the following four lemmas by equating coefficients. Note these lemmas 
are the exact analogues of Lemmas I5.4H5.7I 

Lemma 6.3. Suppose m = 2, i.e. v = (v\,v 2 ). The following identities hold for all 
admissible h,i,j,k: 

(i) (u - v)[Di. i}j (u), E 1;h>k (v)] = Di-i^u^E^p^v) - Ei. Ptk (u))6 h j; 

(ii) (u - v)[E 1 . i j(u),D 2 -xk{v)\ = {Ei- M {u) - E 1 . M {v))D2;q,k{v)8hj; 

(iii) (u - w)[£i ;i j(u),F 1;/ljfc (t;)] = D x . itk (v)D 2 . hjj (v) - Di. i)k (u)D 2 . Xj (u); 

(iv) (u - tO[#l;i,i(«),#l;fc,fc( U )] = ( E l;i,k( v ) - E i;iM u ))( E i;h,j( v ) ~ E i;h,j{u)). 
(Here, p resp. q should be summed over l,...,u\ resp. 1, . . . , u 2 .) 

Proof. Compute the e i:j e hjU1+k -, e i>Vl+j ® e ui+h>1/1+k -, e i:Ul+j <g) e„ 1+hjk - and e itUl+j <g> 
e/i^^fe-coefficients on each side of (|2.9jl and then rearrange the resulting identities like 
we did in the proof of Lemma 15.41 above to obtain: 

(i) ' (u-v)[D 1 . i j(u),E 1;h) g(v)D 2; q ;k (v)] = 

Di;i,p(u)( E i- Ptq {v) - E 1 . p>q (u))D 2 . qtk (v)5 hJ i 

(ii) ' (u - v)[Di.i ! p(u)Ei.pj(u),D 2 ;h,k(v)} = 

T>i;i,p(u)(Ei. p>q (u) - E 1 .p iq (v))D 2;qtk (v)5 h}j ; 

(iii) ' (u -^t;)[L>i ; i i p(u)E , i ; p J -('u),-D2;h, g («)i ? i;g,fc(w)] = 

Si >k D 2;h>q (v){p 2 - qt j(u) + (Fi- qt p(u) - Fi ;q>p (v))Di. PtP i(u)E 1 . p >j(u)} 

~ D 1;i; p(u){Di. p)k (v) + (Ex-p,g(v) - Ei-p^U^D^q'^Fx-q/^V^dhj] 

(iv) ' [D 1 ^(u)E l .^(u),E 1 ^(v)D 2Wtk (v)]=0. 

(Here, p, p' resp. q, q' should also be summed over l,...,ui resp. 1, . . . , u 2 .) Now (i), 
(ii) and (iii) are deduced from (i)', (ii)' and (iii)' by simplifying exactly like we did 
in the proof of Lemma 15.41 It turns out to be more difficult than before to deduce 
(iv) from (iv)' so we explain this part of the argument more carefully. As before, one 
rewrites (iv)' using (i) and (ii) to obtain: 

(iv)" {u - vf[Ex. id {u),E x . Ak {y)\ = (E 1;iJ (v) - E^u^E^u) - E^v)) + 
(u - v)E 1 . hjj (v)(E 1 . i>k (v) - E 1;ijk (u)) + (u- v)(E 1 . iik (u) - Ei. i)k (v))E VXj (u). 
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Now we deduce (iv) from this. For a power series XinYn^ 1 ,^ 1 ]], let us write {X} d 
for the homogeneous component of X of total degree d in the variables u~ l and v^ 1 . 
We show by induction on d = 1, 2, . . . that 

(u - v){[Ei.ij(u),Ei. h ,k(v)]}d+i = - E 1 . itk (u))(E 1 . h j(v) - E lih) j(u))}d. 

For the base case d = 1, applying {.}o to (iv)" shows (u—v) 2 {[Ei v ij(u), Ei ; h >k (v)]} 2 = 0, 
hence (u — v){[Ei-ij(u), E\-h^ k (vj\\ 2 = as required. For the induction step, assume 
the statement is true for d > 1. Apply to (iv)" to get that 

(it - ■u) 2 {[£i ; ij(«),£ , i ; / l) fc(i;)]} rf+ 2 = (u - v){E 1 . h)j (v)(E 1 . itk (v) - E 1]ijk (u))} d +i 

- (u - v){(E 1]ijk (v) - E 1]ijk (u))E 1]h j(u)} d+1 

- {(E^ij^v) - E l . i j(u))(Ei- h ^{v) - Ei. h>k {u))} d . 

Now use the induction hypothesis, together with the identity {[Ei-hj(v), E%-i jk (v)]}d+i = 
which follows by dividing both sides of the induction hypothesis by (it — v) then set- 
ting u = v, to rewrite the right hand side to deduce that 

(it - v) 2 {{Ei-ij(u), Ex-h^v)}}^ = (u - v){(Ei. i)k (v) - Ei. itk (u))Ei. h ,j(v)}d+i 

- (u - v){(Ei. i;k (v) - E 1;iijfc (it))^i ;hj -(n)}d+i. 
Dividing both sides by (u — v) completes the proof of the induction step. □ 

Lemma 6.4. Suppose m = 3, i.e. v = (y\,Vi)V-&). The following identities hold for 
all admissible g, h, i,j, k: 

(i) [E 1;id (u),F 2;h , k (v)] =0; 

(ii) (u-v^Ei-ijlu), E 2 . ih ,k(v)] = (E 1M (u)E 2 - q , k {v)-Ei. : i ig (v)E 2 - q , k (v)-E lt3 . i!k (u)+ 
(hi) [E 1>3;i j(u), E 2;h ,k(v)] = E 2 . th:j (v)[E 1;i;g (u),E 2 .g tk (v)]; 

(iv) [Ei-ijlu), E 1>3 . hik (v) - E VXq (v)E 2 .^ k (v)} = -[E 1;i:g (u), E^g^v^E^j^) . 
(Here, q should be summed over l,...,u 2 .) 

Proof. One computes the e^+j <g> e Vl+V2+ h, vl + k -, e^+j ® e Vl+ h, vl + V2 + k -, ei t „ 1+ „ 2+ j ® 
£v 1 +h,v 1 +v2+k- and ei )Ul+ j <g) e^^+^+fc-coefficients of ()2.9|) respectively like in the proof 
of Lemma 15.51 to obtain the identities 

(i) ' [Di;i, p (u)E 1 . p j(u),D 3 . htr (v)F 2 . r>k (v)] = 0; 

(ii) ' (u - v)[D 1 . i #(u)E 1 . p j(u),E 2 - l h,r(v)D 3 . >r}k (v)] = D 1 . i ^(u)(E l .^ q (u)E 2 . q ^(v) - 

E 1;Pjq (v)E 2;q>r (v) + E lt3 . P]r (v)j- E 1)3 . p>r (u))D 3 . r;k (v)S h> j; 
(hi)' [Di.i#(u)Ei t 3 ;p j(u),E 2; h,r(v)D 3 . rik (v)] =0; 
(iv)' [Di. ti>p (u)Ei- tP>j (u), (Ei j3 . hj1 .(v) - Ex. htq (v)E 2 - q>r (v))D 3 . r!k (v)] = 0. 

(Here, p, q and r sum over 1, . . . , vi, 1, . . . , v 2 and 1, . . . , v 3 respectively.) Now (i)-(iv) 
are deduced from (i)'-(iv)' by copying the arguments from the proof of Lemma f5.5l □ 

Lemma 6.5. Suppose m = 3, i.e. v = (v\,v 2 ,v 3 ). The following identities hold for 
all admissible f, g, h, i,j, k: 

(i) [[E llitj { U ),E 2 . Ak (v)],E 2 . f! g(v)] =0; 

(ii) [E 1 . i>j (u),[E 1 . Ak (u),E 2 . L g(v)}] = 0. 
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Proof. Dividing both sides of Lemma l6,3f iv) by (u — v) then setting v = u shows that 
[E a .ij(u), E a .^ k (u)\ = 0. Given this and Lemma iBTlT ii). (i) is obvious unless / = h = j 
and (ii) is obvious unless / = k = j. Now the proof in these cases is completed exactly 
like the proof of Lemma 15.61 □ 

Lemma 6.6. Suppose m = 3, i.e. v = (vi, 1/2,1/3). The following identities hold for 
all admissible f, g, h, i, j, k: 

(i) [[E 1 . iJ (u),E 2 . Ak (v)},E 2 , Lg (w)} + [[E 1 . id (u),E 2 . h>k (w)],E 2 . fig (v)] = 0; 

(ii) [E x , itj {u), [E 1 . Ak (v),E 2 . Lg (w)}} + [E 1;itj (v), [E x . xk (u),E 2 . f>g {w)]] = 0. 

Proof. Show that (u — v)(u — w)(v — w)[[Ei- t ij(u), E 2] j !k (v)}, E 2 -j^ g (w)] is symmetric in 
v and w and that (u — v)(u — w)(v — w)[Ei-ij(u), [Ei-h, k (v), E 2 - k>g (w)]] is symmetric in 
u and v, following the argument of Lemma 15 . 71 exactly. □ 

Now we consider the second part of the proof. Let Y n denote the algebra with gener- 

(r) (r) 

ators and relations as in the statement of Theorem A. Define elements El- ., F i ■ ■ G 

Y n by the equations Q6.5|) . We need to check that these definitions are independent 
of the particular choice of k. Well, given 1 < k, k' < fb-i with k 7^ k' , we have 

that [^2_i;i,fc'^-i;fc'j] = b y dB- Bracketing with D^ Vkk , and using one 
deduces that 

[E a ,b-l;i,ki ^b-l;k,ji = i^a,b-l;i,k'^b-l;k',jl (^'^) 

(r) 

as required to verify that the definition of the elements E a jj. f . is independent of the 

(r) 

choice of A:. A similar argument shows that the definition of the elements F„l-- is 
independent of k too. 

Let Y v , and Y~ denote the subalgebras of Y n generated by the D's, E's and 
F's respectively. By the first part of the proof, there is a surjective homomorphism 
6 : Y n — > Y n sending Y v onto Y v and Y„ onto Y„. We just need to show that 
9 is an isomorphism. This is done just like in the previous section by exhibiting a 
set of monomials that span Y n whose image in Y n is linearly independent. We just 
explain the key step, namely, the analogue of Lemma 15.81 allowing one to construct 
the spanning set for Yj~ . Given this, the rest of our earlier argument extends without 
further complication to complete the proof. Define a filtration 

LqY+ C UY+ C • • • 

of Y^ by declaring that the generators E^ ■ are of degree (r — 1). Let gr L Yj~ denote 
the associated graded algebra. Letting n a := v\ + • • • + v a -\ for short, define 

e na +i,n b +j;r ■= g^r ^a,b-i} G ^ ^ + 

for each 1 < a < b < m, 1 < i < v a , 1 < j < Vf, and r > 0. Then: 

Lemma 6.7. For 1 < a < b < m, 1 < c < d < m, r, s>0 and all admissible h, i, j, k, 
we have that 

[e na+i , nb+j . r ,e nc+hjnd+k;s ] = e na+i>nd+k;r+s 5 nc+hjnb+j - 6 na+ijna+k e nc+h>nb+j . r+s . 

Proof. Like in the proof of Lemma 15.81 we split into seven cases: (1) b < c; (2) b = c; 
(3) a < c, b = d; (4) a = c, b < d; (5) a = c,b = d; (6) a < c < b < d; (7) a < c; d < b. 
Since the analysis of each of the cases is very similar to Lemma 15.81 we just illustrate 
the idea with the two hardest situations, both of which require the Serre relations. 
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First we check for case (3) that [e m +j,n 3 +j;r, en 2 +/i,rj 3 +it;s] = 0. For any 1 < g < V2, 
we have by (|6.5|) and the images of the relations (|1.9|) and (|1.13j) in gr L Y v that 

[ e ni+i,n.3+j;r, Cri2+h,n3+k;s] = [[ e ni+i,ri2+g;rj e ri2+g,n3+j;o\ > e n2+h,ns+k;s] 

= ~[[ e n 1 +i,ri2+g;r, e ri2+g,n 3 +j;s\ > Cri2+h,n3+k;o] 

= — [[ejii+i,n 2 +g;r+S) e ri2+g,n 3 +j;o], Cri2+h,n3+k;o] = 0. 

Second we check for case (6) that [e ni+ i !n3+ j ]r , e n2+ h,n 4 +k]s] = 0. By the case (1), 
(|H3|) . (Hinj) and (jL"T3j> . we have that 

[Cni+i,?i3+j;r) C n2 -|_/), )n4 -|-.fc ;s ] [ [Cni+i ,-n.2+/i;T- 5 ^n2+/i,n3+j ;()] j [^ri2+/i,n3+j;Cb ^ri3+j,7i4+fc;s]] 

[ e ri2+?i,n3+j;0! [[ e ni+i,ri2+/i;r! e ri2+/i,ri3+j;o] j e n3+j,ri4+fc;s]] 
[Cri2+?i,n3+j;0! [Cni+i,7i2+?f.;r> [^n2+h,ri3+j;0i ^n3+j,n4+k;s]]] 
[[^ri2+h,n3+j;0i ^ni+i,n2+h;r] j [^ri2+/i,n3+j;Cb ^n3+j,n4+fc;s]] 
[[^ni+i,ri2+?t;r j Cj-^+^ns+^o] > [^n2+/i,ri3+j;0> ^n3+j,n4+fc;s]] 
= [c?ii+i,n3+j;r) Cri2+?t,n4+fc;s] 

Hence it is zero. □ 
This completes the proof of Theorems A and B. 

7. Centers and centralizers 

In this section, we compute the centralizer in Y n of the standard Levi subalgebra 
Y v . The argument depends on the following auxiliary lemma, which is a generalization 
of |MNO! Proposition 2.12]; the proof given here is based on the argument in loc. cit.. 

Lemma 7.1. Let f) be a reductive subalgebra of a finite dimensional Lie algebra g over 
C. Let c be the centralizer oft) in q. Then, the centralizer 0/ [/([)[£]) in U(Q[t]) is equal 
to U{c[t]). 

(We believe that the word "reductive" is unnecessary here, but we did not find a proof 
without it.) 

Proof. The symmetrization map S^g^]) — > is an isomorphism of f)[i]-modules. 

Using this, it suffices to show that the space of invariants of t)[t] acting on 
is 5(c[t]). Since f) is reductive, we can pick an adf)-stable complement c' to c in g. 
Let x\, . . . , x m be a basis for c' and let x m+ \, . . . ,x n be a basis for c. Let z be an 
t)[t] -invariant in Define h > to be minimal such that z has the form 

z = J2zd(xit h ) d ^--(x m t h ) d ™ 

d 

summing over d = (d\, . . . ,d m ) with di,...,d m > 0, where the coefficients are 
polynomials in the variables xit k for i = 1, ... ,m and < k < h together with the 
variables Xit k for i = m + 1, . . . , n and k > 0. Pick a basis yi, . . . ,y r for f) and let 
[yi,Xj] = J2T=i c i,j,kXk for each j = 1, ... ,m. Acting on z with yrf € f)[i] and taking 
the coefficient of Xkt h+1 gives the equation 

m 

£><*E C M\^'(^ /l ) dl • • ■ (Xjt^- 1 ■ ■ ■ {x m t h ) d ™ = 0, 
d 3=1 
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for each i = 1, . . . , r and k = 1, . . . , m. Now fix d = (di, . . . , d m ) with di, . . . , d m > 0. 
Taking the coefficient of {x\t h ) dl ■ ■ ■ (x m t h ) dm in our equation gives 

m 

^2 c hj,k( d j + 1 )^d+5 J =0 (i = 1, . . . , r, k = 1, . . . , m) 
i=i 

where d + 5j denotes the tuple (d±, . . . ,dj + 1, . . . ,d m ). Since f) has no non-trivial 
invariants in c', the system of linear equations [yi, Y^jLx ^j x j] = ^ (* = ■ ■ ■ > r ) nas 
only the trivial solution Ai = • • • = A m = 0. Equivalently, the system of equations 

m 

Cjj.fcAj = (i = 1, . . . , r, k = 1, . . . , m) 

3=1 

has only the trivial solution Ai = • • • = A m = too. We deduce that (dj + l)zd+Sj = 
for each j = 1, . . . , m. Hence Zd = for all non-zero d, which implies by the minimality 
of the choice of h that h = hence that z £ S(c[t]). □ 

Now, working once more in terms of the usual Drinfeld generators from £JH1 define 

C n {u) = Ci r) u~ r := Di(u)Z> 2 (« - 1) • • • D n (u - n + 1). (7.1) 

r>0 

The importance of the elements Cn^ is due to the following theorem; cf. |MNQ1 The- 
orem 2.13]. We remark that this theorem implies in particular that the commutative 
subalgebra Ynn\ of Y n is generated by the centers Z(Yi), Z{Y?), . . . , Z(Y n ) of the nested 
subalgebras Y\ C Y% C • • • C Y n from ()4.1|) . 

Theorem 7.2. The elements Cn \ Cn \ ■ ■ ■ are algebraically independent and generate 
the center Z(Y n ). 

(r) 

Proof. First we check that the Cn are central. For this, it suffices to show that 
[A(«)A+i(«- l),Ei(v)] = = [Di(u)D i+1 (u - l),Fi(v)} for each i = l,...,n-l. 
Actually we just need to check the first equality, since the second then follows on 
applying r. By Lemma l5.4f i). 

(u - v)E i {v)D i {u) = { u -v- l)Di{u)Ei{v) + Di{u)E t {u) 

By (ETm 

(u-v- l)E l {v)D i+ i{u - 1) = (u - v)D i+ i(u - l)Ei{v) - D i+1 {u - l)Ei{u - 1). 
Hence, setting v = u, 

Ei{u)D i+1 {u - 1) = D l+1 {u - l)Ei{u - 1). 

Now calculate (u — v)Ei(v)Di(u)Di + \(u — 1) using these identities to show that it 
equals (u — v)Di(u)Di + i(u — \)Ei(v). Hence [Di(u)Di + \{u — l),Ei(v)] = 0. 

Now we complete the proof by following the argument of |MN()| Theorem 2.13]. 
Recall the filtration 1)2.11(1 of Y n , with associated graded algebra gr L Y n = U(g[ n [t]). 
Let z = ei 5 i + • • • + e n ^ n € gl n . One checks from the definition 1)7.1)1 that 

^ r _ x C^=zf-\ 
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By Lemma IT7T1 (taking f) = g = gl n ) the center of U(gl n [t]) is freely generated by the 
elements {zt r \ r > 0}. The theorem now follows on combining these two observations 

(r) 

with the fact already proved that each C n belongs to Z(Y n ). □ 

We now use essentially the same argument to prove the following theorem, which is 
a well known variation on a result of Olshanskii [D] §2.1]. 

Theorem 7.3. The centralizer ofY m in Y m+n is equal to Z {Y r n)'4 ) m{¥n) ■ 

Proof. Lemma 14. II shows that Z (Y m )ip m (Y n ) centralizes Y m , so we just need to show 
that the centralizer is no larger. Consider the associated graded algebra gr L Y m+n = 
U{gl m + n [t})- Since 

gTr-l ^roC^ij ) = £m+i,m+jt r , 

we have that gr L Y m = U(gl m [t\) (where Ql m is embedded into the top left corner 
of gi m+n ) and gr L ip m (Y n ) = U(gl n [t\) (where gl n is embedded into the bottom right 
corner of g( m+n ). By Lemma [7"T1 the centralizer of U(Ql m [t}) in U(gl m+n [t]) is equal 
to Z{U(gi m [t]))U(Qi n [t]). The theorem follows. ' □ 

Corollary 7.4. Let v = (u\, . . . ,v m ) be a tuple of non-negative integers summing to 
n. The centralizer of the Levi subalgebra Y v in Y n is equal to Z{Y U ). 

Proof. Proceed by induction on m, the case m = 1 being vacuous. By ()4.5I) Y v = 
Y Ul ijj Ul (Yp) where v = (1*2, ■ ■ ■ ,v m ). By the theorem, the centralizer in Y n of Y Vl 
is Z(Y Ul )ip Ul (Y U2+ ... +Um ). By induction, the centralizer in Y V2+ ... +Vm of Y v is Z(Y 9 ). 
Hence, the centralizer of Y v in Y n is Z(Y Ul )ip Vl (Z(Yp)) = Z(Y V ). (Alternatively one 
can prove the corollary directly using Lemma 17. II once more.) □ 

Corollary 7.5. Ynn^ is a maximal commutative subalgebra ofY n . 

Proof. By the previous corollary, Ynn\ is its own centralizer. □ 

8. Quantum determinants 

In the literature, Drinfeld generators are usually expressed in terms quantum de- 
terminants, rather than the quasi-determinants used up to now. In this section we 
complete the picture by relating quasi-determinants to quantum determinants. We 
begin by introducing quantum determinants following MNO, §2]. Fix d > 1 and let 
Ad £ M® d denote the antisymmetrization operator, i.e. the endomorphism 

v\ ® • • • (8) Vd i-> ^2 sgn(7r)u 7r i (g) • • • ® v^d 

of the natural space (C n )® d that M® d acts on. Note that A\ = (d\)A d . We have the 
following fundamental identity 

A [i,...,d] T [i,d+l] {u)T [24+i\ ( u _ 1) . . . T [d,d+l] (u- d +l) = 

T ld,d+i]( u _ d+ !). .. r [2,dW] (u _ i^+^iu)^'-^ (8.1) 

equality written in M® d ® y n [[tt -1 ]]; see MNO, Proposition 2.4]. For tuples i = 
. . . , id) and j = (ji, • . . ,j d ) of integers from {1, . . . , n}, the quantum determinant 
Tij(u) S ^n[["" -1 ]] is defined to be the coefficient of eij = ei 1 j 1 (g> • • • <g> ei d j d € M® d 
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on either side of the equation (|8.1|) . Explicit computation using the left and the right 
hand sides of (|8.1|) respectively gives that 

T i,j( u ) = Yl s g n ( 7r ) r i 7 riJi( n ) r i 7 r2j 2 ('" -!)••• T iirddd (u - d+ 1) (8.2) 

7reS d 

= Yl s g n ( 7r ) T ^j. d ('" - <* + 1) ■ • ■ 7i 2 ,^ 2 ( u - l ) T h,j^W), (8.3) 

where is the symmetric group. It is obvious from these formulae that 

Ti. n ,j(u) = sgn(ir)Tij(u) = Tij.^u) (8.4) 

for any permutation it 6 (acting naturally on the tuples i,j by place permutation). 
Using (|8,4j) one obtains further variations on the formulae ([8.2|) - H8.3|) as in [MNO, 
Remark 2.8], for instance: 

T i,j( u ) = Yl ^(^iujmiu ~d+ l)T i2tj7T2 (u - d + 2) • • • T id)jnd {u). (8.5) 

The following properties of quantum determinants are easily derived from (|8,2|) - (|8.4|) . 

T(T itj (u))=T j 4u), (8.6) 

a(T itj (u)) = T i}j (-u + d-l). (8.7) 

In the special case i = j = (1,. . . ,n), we denote the quantum determinant Tij{u) 
instead by C n (u), i.e. 

C n (u) :=T (lr .. jn))(lj ... )n) (u). (8.8) 

We will show in Theorem 18.61 below that this agrees with the definition (|7.1jl . hence 
the coefficients of the series C n (u) generate the center of Y n , but we do not know this 
yet. 

The next few results taken from [NT] describe the effect of the maps A and S on 
quantum determinants. Actually we do not need the first of these here, but include it 
for the sake of completeness. 

Lemma 8.1. Let i,j be d-tuples of distinct integers from {1, . . . ,n}. Then, 

A(Tij(u)) = y~]T i)h (u) ®T k j(u) 

k 

where the sum is over all k = (fei, . . . , k^) with 1 < k\ < ■ ■ ■ < < n. 

Proof. See [NT] Proposition 1.11]. □ 

Lemma 8.2. Let i,j be d-tuples of distinct integers from {l,...,n}. Choose i = 
(id+i, ■■■,i n ) and j' = (j d +i,- ■ -,j n ) so that ...,i n } = {ji, . • -,j n } = {1, • ■ ■ ,n}, 
and let e denote the sign of the permutation (ii, . . . , i n ) \— > (ji, . . . ,j n ). Then, 

uj(Tij(u)) = eC n (-u + n- + n - 1). 

Proof. This is proved in [NT1 Lemma 1.5] but for the opposite algebra, so we repeat 
the argument once more. By the identity ()8.1[) and the definition (|8.8j) . we have that 
i [l,..,n] T [l,n+l]( {1 ) T [2,n+l]( !1 _ ^ . . . r [t.,n+l](„ _ n + 1) = C n (u)^A^''"' n \ 
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see also |MNO| Proposition 2.5]. Hence, 

A [l,...,n] r [l,n+1] ( u y . . rp&n+l] ^ _ rf + -Q = 

^_ 1 jn-d c , n ^[n+l] i4 [l,...,n]y[n,n+l]( ti _ n + ^ . . . f [d+l,n+l] ^ _ ^ 

Now equate the e(i 1 ,...j d 4 n ,...j d+1 ),(j lt ...,j d ,i n ,...,i d+1 )-coefficients on each side and use (|8.2|) 
to deduce that 

= eC n (u)uj{Tji ti t{-u + n- 1)). 
The lemma follows on making some obvious substitutions. □ 

Corollary 8.3. In the notation of Lemma l8.HA S(Tij(u)) = eC n {u + n — d)~ l Tj> y(u + 
n — d). 

Proof. Recalling that S = uo o a, this is a consequence of ()8.7p and Lemma 18.21 □ 

Corollary 8.4. S 2 (T id (u)) = C n (u + n)- l T id {u + n)C n {u + n - 1). 

Proof. Apply Corollary 18.31 twice. □ 

Now we describe the embedding ip m : Y n Y m+n from ^1 m terms of quantum 
determinants. 

Lemma 8.5. Let i,j be d-tuples of distinct integers from {1, . . . ,n}. Then, 

i>m{Tij{u)) = C m (u + m)~ l T m#iim#j (u + m) 

where mj^i denotes the (m + d)-tuple (1, . . . , m, m + ii, . . . , m+id) and m#j is defined 
similarly. 

Proof. Calculate using ()4.2|) and Lemma 18.21 twice. □ 

Now we can verify that C n (u) as defined in this section is the same as the earlier 
definition ()7.1j) . Note this theorem is the Yangian analogue of GKLLRTj Theorem 
7.24]. 

Theorem 8.6. C n (u) = Di(u)D 2 {u -!)■■■ D n (u - n + 1). 

Proof. Recalling that Di(u) = ipi-i(Tx s i(u)) , Lemma lH31 implies that Di(u) = Cj_i(u+ 
i — l)~ 1 Ci(u + i — 1). The lemma follows easily from this by induction. □ 

Finally, we apply Lemma 18 . 51 once more to express the Drinfeld generators from 
in terms of quantum determinants; cf. [IJ Theorem B.15] or |Crl Proposition 3.2]. 

Theorem 8.7. Fori > 1, 

(i) Di(u) = T (1> ... ii _ 1)>(lv .. ii _ 1) (u + i - l)~ l T( ly „ ){) £x,...,i){u + i ~ !)/ 

(ii) Ei(u) = T^ . ^^^ ^iu + i - l) _1 r (li ... ii)i(li .. ^„ 1]i+1) (n + i - 1); 

(iii) Fi(u) = T {1 ^^_ hi+1) ^_^(u + i - l)^...^^...^^ + i - 

Proof. Calculate using Lemmas 15.11 and 18.51 and the formulae (j5.6ft and (|8.6|) . □ 

Remark 8.8. Using Theorem 18. 71 we can also express the generating functions Ki(u) 
and £^(it) from Remark 15.121 in terms of quantum determinants: 

Ki(u) = 1 - ai{u)~ l ai(u + l) -1 ^! (u + i) a i+1 (u + \) , 

£+(«) = ai(n) _1 6i(u), 

£7(u) = Ci(u)ai(u)~ , 
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where a* (it) = T^...^^...^ (u + bi{u) = T^^^^^x) (u + and a(u) = 
{ u + ^")- Allowing for the fact that we are working with the op- 
posite presentation to Drinfeld's (cf. Remark I5,12j) this is the "simpler isomorphism" 
recorded immediately before |D2[ Theorem 2]. 
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